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Abstract: We investigate temperature dependent behavior of various transport coeffi-
cients in a dynamical holographical QCD model. We show the nontrivial temperature
dependent behavior of the transport coefficients, like bulk viscosity, electric conductiv-
ity as well as jet quenching parameter, and it is found that all these quantities reveal
information of the phase transition. Furthermore, with introducing higher derivative cor-
rections in 5D gravity, the shear viscosity over entropy density ratio also shows a valley
around phase transition, and it is found that the shear viscosity over entropy density ra-
tio times the jet quenching over temperature cubic ratio almost remains as a constant
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1 Introduction
Quantum chromodynamics (QCD) is the fundamental theory of the strong interactions.
The study of the QCD phase transitions and phase structure at extreme conditions are
always the most important topics of high energy nuclear physics. Ultrarelativistic heavy
ion collisions (HIC) provide a unique controllable experimental tool to investigate properties
of nuclear matter at high temperature and small baryon density. It is believed that at the
Relativistic Heavy Ion collider (RHIC) and the Large Hadron Collider (LHC), the quarks
and gluons can become deconfined and form hot quark-gluon plasma (QGP) [1, 2]. The
main target of HIC is to study the equation of state (EoS) and transport properties of
hot/dense QCD matter.
The pressure gradient of the created fire ball in HIC would drive it to expand and
cool down. Finally, the whole system would hadronize and only measurable mesons and
baryons are left to the detectors. The real time evolution of the plasma could be studied in
effective models, such as Boltzmann transport, hydrodynamics and hadronic cascade [3–8].
In these effective models, transport coefficients, such as bulk/shear viscosity, jet quenching
parameter and electric conductivity, appear as parameters encoding the long wavelengths
and low frequency fluctuation dynamics of the underlying quantum field theory and are
used to characterize the non-equilibrium dynamics of the system.
Shear viscosity η characterizes the ability of a system to recover equilibrium after shear
mode perturbation. In microscopic level, the value of shear viscosity over entropy density
ratio η/s is related to the interaction strength of interparticles in a system. In general, a
stronger interaction strength corresponds to a smaller η/s ratio. At weakly coupling, the
perturbative QCD calculation gives the result of η ∝ 1/α2s lnαs [9], where αs is the strong
coupling constant. At strong coupling, Lattice QCD simulation showed that η/s for the
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purely gluonic plasma is rather small and in the range of 0.1− 0.2 [10]. The studies from
AdS/CFT correspondence [11–13] give the lower bound of η/s = 14pi [14], which is very
close to the value used to fit the RHIC data of elliptic flow v2 [15–22]. Therefore, it is now
widely believed that the system created at RHIC and LHC behaves as a nearly ”perfect”
fluid and is strongly coupled [23–27].
Like shear viscosity, bulk viscosity ζ describes how fast a system returns to equilib-
rium under a uniform expansion. In the perturbative region, the bulk viscosity ζ is very
small and the leading dependence on αs is ζ ∝ α2s/ lnα−1s [28]. However, ζ/s is shown to
rise sharply near Tc in studies from different approaches, for example, Lattice QCD [29–
32], the linear sigma model [33], the Polyakov-loop linear sigma model [34] and the real
scalar model [35]. The near phase transition enhancement of bulk viscosity corresponds
to the peak of trace anomaly around Tc, which shows the equation of state is highly non-
conformal [36, 37] around phase transition. Recent studies [38, 39] show that bulk viscosity
could also have important effects on hydrodynamic simulations of HIC: it would increase
the flow harmonics(such as v2 and v3) while shear viscosity decreases them.
Phenomenologically, shear/bulk viscosities are used to study the collective flow be-
havior of the hot/dense nuclear matter created in HIC. Besides, the suppression of large
transverse momentum hadrons emission in central collisions also attracts many atten-
tions [40, 41]. This suppression behavior is normally referred to as jet quenching, which
characterizes the squared average transverse momentum exchange between the medium
and the fast parton per unit path length [42]. Current understanding on jet quenching is
that it is caused by gluon radiation induced by multiple collisions of the leading parton
with color charges in the near-thermal medium [42–48]. Therefore, it is possible to extract
the properties of the created hot dense matter from jet quenching of energetic partons
passing through the medium.
Besides the above three transport coefficients, other transport coefficients are also at-
tracting more and more attentions. For example, due to the strong electric field created
in the collision region, electric conductivity is now becoming more and more interest-
ing [49, 50]. The electric conductivity describes the response of the system to external
electric field and is responsible for the production of the collective flow of charged par-
ticles [51]. The temperature dependent behavior of σel has been studied in perturbative
calculations [9, 52, 53], lattice simulations [54–58], effective models [59] as well as holo-
graphic studies [60]. The leading high temperature dependence of electric conductivity has
been determined perturbatively as σel ≃ CT/(e2 log e−1) [9], with e the electric charge and
C ≃ 124ζ(3)2pi−3Nleptons
3pi2+32Nspecies
depending on Nleptons the numbers of leptonic charge carriers and
Nspecies the sum over fermions weighted by the square of their electric charge assignments.
At the temperature range 200 ∼ 300MeV, the quenched lattice simulations [55, 56] gives
the result of σel/T ≃ 0.02(taking electric charge e2 = 4π/137), and the Nf = 2 + 1 lattice
simulation in [58] show that σel/T increases rapidly from around 0.003 to 0.015 in the near
Tc region.
Except for the phenomenological application of transport coefficients, another inter-
esting issue is to study the temperature dependent transport coefficients and investigate
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whether transport quantities can characterize phase transition. As mentioned above, the
near Tc enhancement of bulk viscosity ζ is due to the rapid change of degrees of freedom
from phase transition. It has been proposed by the authors of [61] to use the shear vis-
cosity over entropy density ratio as a signal of the critical end point(CEP). It has also
been shown that η/s is suppressed near the critical temperature in the semi quark gluon
plasma [62], and a cusp, a jump at Tc and a shallow valley around Tc in η/s can character-
ize first-, second-order phase transitions and crossover [63]. If the perturbative calculation
based conclusion in [64] that small η/s implies large jet quenching parameter can be ex-
tended to strong coupled region, then we can expect that the temperature dependence
behavior of jet quenching parameter can also contain the information of phase transition.
Near the phase transition point, the nonperturbative dynamics dominates and the pertur-
bative calculation becomes invalid. It’s quite convenient to use the holographic method
based on the AdS/CFT correspondence to study the dynamical properties, while Lattice
calculation in this area still suffer large uncertainty. Within holographic framework, our
previous work [65] do show that near the transition point there would be nontrivial en-
hancement of qˆ/T 3, which is closely related to the phase transition and is consistent with
the phenomenological studies in [66–68].
In this work, we will investigate the temperature dependent behavior of shear viscosity,
bulk viscosity and electric conductivity in the framework of dynamical holographic QCD
model [65].It has been proved that in any isotropic Einstein gravity background the shear
viscosity over entropy density ratio is always 14pi [69, 70]. Only with the higher derivative
corrections [71–73] or in a anisotropic gravity background [74–77] one can get deviation
from 14pi . In order to introduce temperature dependence behavior of η/s, we will follow the
formalism in [78–80] and continue our studies in [65]. The paper would mainly focus on
the nontrivial near Tc behavior of the transport coefficients. The paper are organized as
followings. In section 2 we give a brief review on the dynamical holographic QCD model
which works quite well, both at zero temperature for meson spectra [81, 82] and at finite
temperature for the equation of state and jet quenching properties [65]. In section 3, we
will show the results of temperature dependent transport coefficients in our dynamical
holographic QCD model. Finally, a short summary would be given in section 4.
2 Dyanmical holographic QCD model
Quantum chromodynamics (QCD), with quarks and gluons as its basic degrees of freedom,
is widely accepted as the fundamental theory of the strong interaction. In short distance
or ultraviolet (UV) regime, the QCD coupling constant αs is small and results from the
QCD perturbative calculations agree well with the experimental data. Unfortunately, in
large distance or infrared (IR) regime, the coupling constant evolves to a large value and
perturbative studies on QCD vacuum as well as hadron properties and other nonperturba-
tive processes become invalid. Several non-perturbative methods have been developed, in
particular lattice QCD, Dyson-Schwinger equations (DSEs), and functional renormaliza-
tion group equations (FRGs), which are based on first principle derivation. Recently, the
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Figure 1. Schematic plots of the correspondence between d-dimension QFT and d+ 1-dimension
gravity as shown in [83] (Left-handed side). Dynamical holographic QCD model resembles RG from
UV to IR (Right-handed side): at UV boundary the dilaton bulk field Φ(z) and scalar field X(z)
are dual to the dimension-4 gluon operator Tr〈G2〉 and dimension-3 quark-antiquark operator 〈q¯q〉,
which develop condensates at infrared regime.
conjecture of the gravity/gauge duality [11–13] provide a new hopeful method to tackle
with the strong coupling problem of strong interaction.
The weak version of the conjecture is the duality between a quantum field theory
(QFT) in d-dimensions and a quantum gravity in (d + 1)-dimensions. More importantly,
when the QFT is strongly-coupled theory, the gravitational description becomes classical
and usually a saddle point approximation in gravity side is sufficient to reach the expected
accuracy. The extra dimension in the gravity side can play the role of the energy scale of
the renormalization group (RG) flow in the QFT [83].
A dynamical holographic QCD(DHQCD) model [81, 82] has been constructed by po-
tential reconstruction approach [84]. In this model, authors introduce the dilaton field Φ(z)
to describe the gluon dynamics and the scalar field X(z) to mimic chiral dynamics. The
model describes the glueball and the light meson spectral quite well. Evolution of these
fields in 5D resemble the renormalization group from ultraviolet (UV) to infrared (IR) as
shown in figure 1 [85].
For pure gluon system, to break the conformal symmetry of the pure AdS background
to mimic realistic QCD, we introduce the dilaton field Φ(z) and consider the gluon dynamics
in the graviton-dilaton coupled system, which is regarded as a quenched dynamical holo-
graphic QCD model. The 5D action for the graviton-dilaton system in string frame reads
SG =
1
16πG5
∫
d5x
√
gse
−2Φ
(
Rs + 4∂MΦ∂
MΦ− V sG(Φ)
)
. (2.1)
Here G5 is the 5D Newton constant, gs is the 5D metric determinant and Φ and V
s
G are
the dilaton field and dilaton potential in the string frame respectively. Under the frame
transformation
gEmn = g
s
mne
−2Φ/3, V EG = e
4Φ/3V sG, (2.2)
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the Einstein frame action of eq. (2.1) takes the form
SEG =
1
16πG5
∫
d5x
√
gE
(
RE − 4
3
∂mΦ∂
mΦ− V EG (Φ)
)
. (2.3)
At zero temperature, the metric ansatz is often chosen to be
ds2 = e2As(z)(dz2 + ηµνdx
µdxν). (2.4)
In this paper, the capital letters like M,N stand for all the 5D coordinates (0, 1, . . . , 4),
and the Greek indexes stand for the 4D coordinates (0, . . . , 3) only. We would use the sign
convention η00 = η00 = −1, ηij = ηij = δij in the metric.
Starting with the metric ansatz eq. (2.4), the equations of motion can be derived as
−A′′s −
4
3
Φ
′
A
′
s +A
2
s +
2
3
Φ
′′
= 0, (2.5)
Φ
′′
+ (3A
′
s − 2Φ
′
)Φ
′ − 3
8
e2As−
4
3
Φ∂ΦV
E
G (Φ) = 0. (2.6)
Generally speaking, there are three different approaches [82] to solve this graviton-
dilaton coupled system in the literature,
1. Input a certain configuration of the field(s), for example Φ(z), to solve the metric
structure and the potential(s) of the field(s) [81, 82, 86],
2. Input the potential(s) of the field(s) to solve the metric and the field(s) [87–91],
3. Input the metric structure to solve the field(s) and the potential(s) of the field(s) [84,
92–94].
In this paper, we will follow the first approach and take the dilaton field configuration
as an input. Firstly, we should choose profile of dilaton field to construct dynamical model.
The dilaton field is dual to the dimension-4 gauge invariant gluon condensate Tr〈G2〉 and
UV behavior of dilaton is
Φ(z)
z→0→ µ4G2z4, (2.7)
while IR behavior of dilaton is
Φ(z)
z→∞→ µ2Gz2. (2.8)
IR behavior of dilaton is necessary for the linear confinement.
In [65, 82], we interpolate these two asymptotic behaviors by taking the following
dilaton profile
Φ(z) = µ2Gz
2 tanh(µ4G2z
2/µ2G). (2.9)
When the parameter µG2 goes to infinity, the model reduces to the quadratic form
Φ(z) = µ2Gz
2, (2.10)
which can be regarded as a dynamical extension of the KKSS model [95]. Based on models
with dilaton profiles eq. (2.9) and eq. (2.10), we studied the glueball mass spectra [82] and
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Figure 2. As solutions for muG = 0.75GeV and µG2 = 0.75GeV, 3GeV,∞ respectively.
the thermodynamics of pure gluon system [65]. Both of these studies showed that when µG2
is very large, there are no much differences between models with dilaton profile eq. (2.9)
and with dilaton profile eq. (2.10), and the background metric solutions of the two models
tend to be similar, as shown in figure 2. As a result, the quantities calculated under the
two gravity background would be almost the same. Furthermore, in [65] we showed that to
fit the equations of state of pure gluon system in the near Tc region requires µG = 0.75GeV
and µG2 > 3GeV, in which parameter region eq. (2.9) and eq. (2.10) give similar results.
The results are reasonable, because the near Tc properties should be more sensitive to the
IR behavior of the background field. In this sense, one cannot vary the model too much
with feedback of above physical quantities. Since in this work we will be more interested in
the near Tc properties and to avoid the complex numerical process when dealing with the
bulk viscosity in background eq. (2.9), we would only consider the quadratic dilaton profile
eq. (2.10) in this work. One can go further with introducing more powers of z term in the
dilation profiles, for example z4. In these situations, one should adjust more dimensional
parameters which are related to the coefficients of these powers. It is worth studying these
situations in the future.
By self-consistently solving the above equations, the metric As will be deformed in IR
region by the background dilaton field. The scalar glueball spectra agree with lattice data
quite well in the quenched dynamical model [82].
To introduce flavor dynamics, we then add light flavors in terms of meson fields on the
above gluodynamical background. The total 5D action becomes the following graviton-
dilaton-scalar system,
S = SG +
Nf
Nc
SKKSS , (2.11)
with SG the 5D action with form of eq. (2.1). SKKSS the 5D action for mesons takes form
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as the KKSS model [95].
SKKSS = −
∫
d5x
√
gse
−ΦTr(|DX|2 + VX(X+X,Φ) + 1
4g25
(F 2L + F
2
R)). (2.12)
Under metric ansatz as eq. (2.4), the equations of motion for such a system is also easily
derived,
−A′′s +A
′2
s +
2
3
Φ
′′ − 4
3
A
′
sΦ
′ − λ0
6
eΦχ
′2 = 0, (2.13)
Φ
′′
+(3A
′
s − 2Φ
′
)Φ
′− 3λ0
16
eΦχ
′2− 3
8
e2As−
4
3
Φ∂Φ
(
VG(Φ)+λ0e
7
3
ΦVC(χ,Φ)
)
= 0, (2.14)
χ
′′
+ (3A
′
s − Φ
′
)χ
′ − e2AsVC,χ(χ,Φ) = 0. (2.15)
Here we have used the redefinition VC = Tr(VX) and VC,χ =
∂VC
∂χ ,
16piG5Nf
L3Nc
→ λ0. In terms of
holographical dictionary, X and FL, FR correspond to the scalar meson and vector mesons
respectively in this setup. VC corresponds to the nontrival interaction between dilaton and
scalar meson which should be constrained from scalar meson spectrum [82].
In [82], we have shown that the above graviton-dilaton-scalar system describes the
two flavors system quite well. Ref. [82] add SKKSS as a probe to the background (2.4).
Eqs. (2.13)(2.14)(2.15 ) control the dynamics of scalar meson and vector mesons holo-
graphically like [95]. Furthermore, with introducing temperature in this system , one may
expect that chiral phase transition and confinement/deconfinement phase transition could
be studied simultaneously in this framework. The chiral phase transition for two flavor
system will be studied in a separate work. In this work, we would like to focus on the near
Tc transport properties of the pure gluon system described in eq. (2.1) .
2.1 Black hole solution and equation of state
In previous section, we have reviewed how to construct the dynamic model for zero tem-
perature. In this section we will first briefly review the thermodynamics in our dynamical
holographic QCD model (For details, please refer to refs. [65]). We will focus on the confine-
ment/deconfinement phase transition in the graviton-dilaton system defined in eq. (2.1).
Chiral phase transition is also interesting and left to the future work.
To study the thermodynamics in 4D field theory from AdS/CFT, it’s natural to in-
troduce black hole in the 5D gravity side firstly. The finite temperature metric ansatz in
string frame becomes
ds2S = e
2As
(
−f(z)dt2 + dz
2
f(z)
+ dxidxi
)
. (2.16)
Under this metric ansatz, from the Einstein equations of (t, t), (z, z) and (x1, x1) com-
ponents and the dilaton field equation we get the following equations of motion,
−A′′s +A
′2
s +
2
3
Φ
′′ − 4
3
A
′
sΦ
′
= 0, (2.17)
f ′′(z) +
(
3A′s(z)− 2Φ′(z)
)
f ′(z) = 0, (2.18)
8
3
∂z
(
e3As(z)−2Φf(z)∂zΦ
)
− e5As(z)− 103 Φ∂ΦV EG = 0, (2.19)
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with V EG = e
4Φ/3V sG.
In terms of AdS/CFT, we should impose the asymptotic AdS boundary condition
As
z→0→ 0, f z→0→ 1. We also require Φ to be finite at z = 0, zh. Where the black-
hole horizon zh is determined by f(zh) = 0. Fortunately, the solution of the black-hole
background takes the following semi-analytical form of
f(z) = 1− fhc
∫ z
0
e−3As(z
′)+2Φ(z′)dz′, (2.20)
with
fhc =
1∫ zh
0 e
−3As(z′)+2Φ(z′)dz′
. (2.21)
The temperature of the solution would be identified with the Hawking temperature
T =
e−3As(zh)+2Φ(zh)
4π
∫ zh
0 e
−3As(z′)+2Φ(z′)dz′
. (2.22)
By taking the dilaton profile of eq. (2.10), the metric prefactor As could be solved
analytically as
As(z) = log
(
L
z
)
− log
(
0
F1
(
5/4,
µ4Gz
4
9
))
+
2
3
µ2Gz
2, (2.23)
where L is the AdS radius. Since in the following calculation, only the combination of
G5/L is relative, we will set L to be 1 in this paper. µG is a free parameter of the model,
and to fix the phase transition temperature at around 255MeV, µG will be fix to 0.75GeV
later.
From eq. (2.22) and eq. (2.23), we can get the relation between temperature T and
the black hole horizon zh. Taking µG = 0.75GeV, we can get the critical temperature for
deconfinement phase transition is Tc = 255MeV. The black hole entropy density s could
be easily read from the Bekenstein-Hawking formula,
s =
1
4G5
e3As(zh)−2Φ(zh). (2.24)
The pressure density p, energy density ǫ and sound speed cs could also be obtained
systematically,
dp(T )
dT
= s(T ), (2.25)
ǫ = −p+ sT, (2.26)
c2s =
d log T
d log s
=
s
Tds/dT
. (2.27)
We have compared the results of the entropy density, the pressure density and sound
velocity square with the pure SU(3) lattice data from [36] in [65], and it is found that
these thermodynamical quantities obtained from the quenched dynamical holographic QCD
model can agree with lattice calculation in pure gluon system. Here we only show the trace
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Figure 3. The trace anomaly ǫ − 3p as a function of Tc scaled temperature T/Tc for G5 = 1.25
and µG = 0.75GeV(Solid black line). The red dots are the pure SU(3) lattice data from [36].
anomaly ǫ − 3p with the pure SU(3) lattice data from [36] in figure 3, we can see that
the sharp peak of trace anomaly around the critical temperature Tc has been reproduced
successfully in this model. The peak locates at around T = 1.1Tc and the height of the
peak is around 2.7, which agrees very well with the quenched lattice results. All these facts
show that the dynamical model has encoded the correct IR physics.
2.2 Jet quenching parameter qˆ
Jet quenching measures the energy loss rate of an energetic parton going thorough the
created hot dense medium. In [65], authors have had a detailed study on the temperature
dependence behavior of qˆ following the method in [96] (see also [97–99]) in this model. qˆ
could release the signals of phase transition.
Following [96], the jet quenching parameter is related to the adjoint light like Wilson
loop by the equation
WAdj [C] ≈ exp
(
− 1
4
√
2
qˆL−L2
)
. (2.28)
The expectation value of Wilson loop is dual to the on-shell value of the string Nambu-
Goto action with proper string configuration. The qˆ can be obtained
qˆ =
√
2
√
λ
πz3h
∫ 1
0 dν
√
e−4As(νzh)
z4
h
1−f(νzh)
2 f(νzh)
. (2.29)
Insert background solution eqs. (2.10), (2.20), (2.23) into the above equation (2.29),
one can get the temperature dependence of the jet quenching parameter numerically. In
the temperature range 300 ∼ 400MeV, the value of qˆ is around 5 ∼ 10GeV2/ fm, which
is in agreement with the lattice results in [100]. In figure 4 we show qˆ/T 3 as a function
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Figure 4. ˆq/T 3 as a function of temperature T with G5 = 1.25 and λ = 6π.
of temperature, and it is seen that there is a peak with the height around 40 at around
T = 1.1Tc. This behavior is quite different from the one obtained in pure AdS background,
where qˆ/T 3 is a constant for all temperatures. This shows that the dynamical holographic
QCD has encoded novel property about the deconfinement phase transition.
3 Transport coefficients in a dynamical holographic QCD model
We have already set up holographic model and we have seen that the jet quenching param-
eter over temperature cubic can reflect the phase transition. In the following, we would
like to study various transport coefficients and check whether other transport coefficients
can also characterize the deconfinement phase transition.
3.1 Bulk viscosities
There are many effective models, such as dissipative hydrodynamics which are used to
understand the real-time evolution of the plasma. In these models, transport coefficients
would encode the low frequency fluctuations. In this section, we focus on the temper-
ature dependence behavior of the bulk viscosity. There are several approaches for cal-
culating bulk viscosity in holographic framework [101–106]. In this quenched dynamical
holographic QCD model, it’s convenient to follow the method [109, 110] and there is gen-
eral derivation for graviton-dilaton system. Here we will briefly review how to extract the
bulk viscosity in graviton-dilaton system and then we figure out the results for the model
eqs. (2.10), (2.20), (2.23).
In 4D field theory side, one possible way to extract the bulk viscosity is using the Kubo
formula
ζ = −1
9
lim
ω→0
1
ω
ImGRii,jj(ω), (3.1)
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where GR(ω) is the retarded Green function of the stress energy tensor defined as
GRij,kl(ω) = −i
∫
d3xdteiωtθ(t)〈[Tij(t,→x), Tkl(0, 0)]〉, (3.2)
with Tij the i− j component of the stress tensor. According to the holographic dictionary,
one can extract the Green function of the stress tensor in terms of metric perturbation like
gµν → gµν + hµν in the bulk. Here, in order to apply the Kubo formula, we choose the
spatial component of momentum
→
q = 0 and we also assume that hµν depends on t, z only,
i.e. hµν = hµν(t, z). These metric perturbation components should contain h11, h22, h33.
We assume that spatial rotation symmetry and h11 = h22 = h33. In principle, scalar modes
like htz, htt, hzz and δΦ are all coupled with each other, which makes the calculation quite
complicated. Fortunately, as pointed out in [109, 110], one can use the gauge symmetry to
eliminate htz and δΦ and only diagonal mode will survive finally. Following these logics,
we can obtain bulk viscosity from retarded green function of scalar modes. The imaginal
part of the retarded Green function GR is related to conserved flux F(ω)
ImGR = −F(ω)
4πG5
. (3.3)
As pointed out in [109, 110], when the metric ansatz is
ds2 = e2A(−fdt2 + dxidxi) + e
2B
f
dz2 (3.4)
and coordinate definition φ(z) = z, the conserved flux takes the form
F(ω) = e
4A−Bf
4A′2
|Imh∗11h
′
11|. (3.5)
Here, it should be noticed that these results are derived starting from the following Einstein
frame action
SG =
1
16πG5
∫
d5x
√
gE
(
RE − 1
2
∂mφ∂
mφ− V (φ)
)
. (3.6)
Therefore, before we use these formulae, we have to notice that there’s a transformation
from our convention Φ to φ by φ =
√
8
3Φ =
√
8
3µ
2
Gz
2 and the metric in eq. (3.4) is in
Einstein frame.
An convenient property of the equation of motion of the perturbation is that the
equation of motion for h11 component is simply decoupled from hzz, htt and takes the
following form
h
′′
11 =
(
− 1
3A′
− 4A′ + 3B′ − f
′
f
)
h
′
11 +
(
− e
−2A+2B
f2
ω2 +
f
′
6fA′
− f
′
B
′
f
)
h11.
(3.7)
These results are quite general within graviton-dilaton system. Therefore, it’s very
easy to extract the bulk viscosity in our model defined in eqs. (2.10), (2.20), (2.23) from
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( a ) ( b )
Figure 5. Bulk viscosity results when µG = 0.75GeV and G5 = 1.25
the above formulae. In order to apply this analysis to our case, the only thing is to extract
the A,B factor in eq. (3.4). Firstly, we take a new fifth coordinate as z
′
= Z(z) ≡
√
8
3µ
2
Gz
2,
which satisfies the gauge choice φ(z
′
) = z
′
. We just rewrite down the new metric form in
terms of the new coordinate z
′
ds2 = e2As−
4
3
Φ(−fdt2 + dxidxi) + e
2As−
4
3
Φ
fZ ′2
dz
′2. (3.8)
One can see e2A = e2As−
4
3
Φ and e2B = e
2As−
4
3Φ
Z
′2 . We insert these results into eq. (3.7)and
solve the equation (3.7), after which we could extract the numerical results of bulk viscos-
ity. The temperature behavior of the bulk viscosity is shown in figure 5(a) and (b). In
figure 5(a), we have scaled the bulk viscosity in terms of the entropy density. In figure 5(b),
we have scaled it with respect to T 3. In these two figures, there is also a sharp peak in both
ζ/s and ζ/T 3 near the transition temperature. This kind of behavior is in agreement with
the results in [29–31]. More importantly, similar to the behavior of trace anomaly results
as shown in figure 3, the peak locates also at around T = 1.1Tc, and the height of ζ/s
is around 0.12, which is a little smaller than the lattice result of around 0.5 ∼ 1(but the
uncertainty is still large). The agreement of near Tc behavior of trace anomaly and bulk
viscosity could be traced back to the fact that both of them characterize the non-conformal
property of the system. And it also shows that like jet quenching parameter, the near Tc
behavior of bulk viscosity also contains information of phase transition.
3.2 Electric conductivity σel
In this section, we would like to study electric DC conductivity σel which may be helpful
to understand the phase transition appeared in this model. The electric DC conductivity
σ0 in 4D field theory is related to the retarded Green function G
R,EM of electric-magnetic
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current JEMµ by σel = − lim
ω→0
1
ω ImG
R,EM
xx . In order to consider the current-current Green
function, one has to introduce the U(1) gauge field perturbation. As in [111], we will add
the following probe action to the original action,
SF = − 1
16πG5
∫
d5x
√−gG(Φ)F
2
4
, (3.9)
where we choose coupling form as G(Φ) = e−Φ in this paper. For simplifying analysis, we
introduce a electric field perturbation a = A1 with field strength Fµν . Then the equation
of motion for the gauge perturbation a in the model eq. (3.4) is
a
′′
+
(
A
′
s − Φ
′
+
f
′
f
)
a
′
+
ω2
f2
a = 0. (3.10)
Inserting the background solution eqs. (2.10), (2.20), (2.23) and solving the above
equation, we could extract the numerical results of the electric conductivity as [111]
σel =
1
16πG5
lim
ω→0
feAs−ΦIm(a∗a
′
)
ω
. (3.11)
The numerical result of the temperature dependent σel is shown in figure 6. We
compare the results of our quenched DHQCD model defined in eqs. (2.10), (2.20), (2.23)
to the quenched lattice results [55, 56]. From figure 6, we could see that around Tc,
σel/T ≃ 0.02, which is consistent with the quenched lattice results. From Tc to 1.5Tc, σel/T
increases rapidly from around 0.02 to around 0.05. At high temperature, σel/T increases
slowly and tends to 0.05 from below. Furthermore, in figure 6, we also compare our results
to that of the holographic model in [60], where the authors build up a non-conformal
bottom-up holographic model to mimic the Nf = 2+1 thermodynamics. Different from our
approach to introduce flavor dynamics described in section 2, they work in the graviton-
dilaton system but constrain the dilaton potential to produce the correct equations of
state of Nf = 2 + 1 QCD. From figure 6, we could see the agreement of HQCD results
and Nf = 2 + 1 lattice simulation. The same quick increasing behavior near Tc in both
cases might show that σel could be seen as a signal of phase transition. It might also be
interesting to notice that at high temperature the saturation value of σel/T in quenched
model is almost 3 times of that in Nf = 2+1 HQCD model, showing that the suppression
effect of dynamical quarks, which is qualitatively consistent with the Nf dependence of
high T coefficient C determined in perturbative calculation [9].
3.3 Shear viscosity with higher derivative corrections
Shear viscosity is also one interesting transport coefficient in QGP. In this section, we
focus on shear viscosity in the holographic dynamical model. It has been well studied
in Einstein gravity background and it is universally proportional to the entropy density,
i.e. η/s = 1/(4π) [69, 70]. To introduce temperature dependence of ratio between shear
viscosity and entropy density, one has to introduce higher derivative gravity [80] corrections
to the Einstein gravity. In order to obtain the temperature dependence of the ratio, we
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Figure 6. Electrical conductivity σel/T as a function of temperature T . The thick red line
represents our quenched dynamical HQCD model result, in which we have taken G5 = 1.25 and
µG = 0.75GeV . Here we compare our results to the quenched lattice results: the Black dot [55] and
purple dot [56]. The lattice simulations including flavor effect are also shown in the blue dot [57] and
the green dots [58], comparing to the holographic results(dashed cyan line) from [60](data extracted
from [59]). We have taken the electric charge e2 = 4π/137 when extracting the data.
should also introduce the higher derivative gravity correction in this model and we will
see what will happen in the model with higher derivative gravity correction finally. We
introduce higher derivative correction with following form
S =
1
16πG5
∫
d5x
√−g
(
R− 4
3
∂µΦ∂
µΦ− V (Φ) + βe
√
2/3γΦRµνλρR
µνλρ
)
. (3.12)
Here the extra
√
2/3 factor in the coupling of RµνλρR
µνλρ is to keep our parameterγ
comparable to the one in [80]. The β is small dimensionless parameter. In order to
calculate shear viscosity, one must introduce the off diagonal metric perturbation hxy to
obtain two point Green function of the energy momentum tensor. The shear viscosity could
be calculated by Kubo formula
η = − lim
ω→0
1
ω
ImGRxy,xy(ω). (3.13)
In principle, after introducing the higher derivative corrections, the background metric
would be deformed in O(β) level. Fortunately, as pointed out in [80], η/s would only
depend on the O(1) metric background. In this sense, we would not consider the ratio
with corrections from the deformation of the background metric up to O(β). Noticing that
taking transformation ϕ =
√
3/2Φ our convention eq. (3.6) would be exactly the same as
the action in [80], the shear viscosity over entropy density ratio results up to O(β) here
would be derived easily from the results in [80], which reads
η/s =
1
4π
(
1− β
c0
e
√
2/3γΦh(1−
√
2/3γzhΦ
′
(zh))
)
(3.14)
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Figure 7. η/s results for different parameter values. The green dots stand for β = 0.005, γ =
√
2/3,
the orange dots stand for β = 0.01, γ =
√
2/3, the blue dots stand for β = 0.005, γ = −√2/3 and
the black dots stand for β = 0.01, γ = −√2/3.
Figure 8. η/s results when β = 0.01, γ = −√8/3.
with c0 = −z5h∂z
(
(1− z2/z2h)2e2As−
4
3
Φ/(8f(z)z2)
)
|z=zh . The numerical results about the
ratio with different parameter values are shown in figure 7. Figure 7 shows that the
qualitative behavior of η/s is sensitive to changes of parameter. The ratio highly depends
on the temperature as we expected. At the large temperature region, η/s would tend to
a constant, the value of which would depend on β, γ. Near Tc, if β 6= 0, η/s would rise
quickly if γ > 0 from above, while for γ < 0, the curves bent down.
When β = 0.01, γ = −√8/3, we show the ratio of η/s as a function of T/Tc in figure 8.
It is seen that the ratio η/s shows a valley around T = 1.1Tc. The location of valley is
almost same as the location of the peak position in qˆ/T 3 and the peak of the trace anomaly
as well as the peak of the bulk viscosity. This opposite trends of η/s and qˆ/T 3 near Tc is
also observed in phenomenological study [68].
In figure 9, we show the configuration of qˆ/T 3 ∗η/s with respect to temperature in this
model. When T becomes large, qˆ/T 3 ∗ η/s reaches a constant 2.5, which is 2 times larger
than the perturbative result given in [64]. Near Tc, though the value is not constant, by
– 15 –
J
H
E
P
0
6
(
2
0
1
5
)
0
4
6
Figure 9. qˆ/T 3 ∗ η/s results when β = 0.01, γ = −√8/3.
comparing figure 8 and the results of qˆ/T 3 in figure 4.1 It could be easily seen that when
qˆ/T 3 increase that η/s decrease, which could be seen as the strong coupling extension of
the conclusion in [64]. This result can be check by lattice calculation.
4 Conclusion and discussion
In our previous work [65, 81, 82], we have constructed a dynamical holographic QCD
model with the dilaton field Φ representing gluon dynamics and scalar filed X character-
izing flavor dynamics. Based on this model, we firstly neglect flavor dynamics and con-
sider the pure gluon system in the Graviton-Dilaton gravity system. By self-consistently
solving the equations of motion in this system, we introduce temperature from the black
hole solutions. Then we investigate the temperature dependent behavior of the trans-
port coefficients, including the bulk/shear viscosities, the electric conductivity and the jet
quenching parameter.
We find that, based on the previous constraints from the equation of states and meson
spectra, our model can produce a reasonable results on the transport coefficients. The
near Tc value of trace anomaly ǫ− 3p, jet quenching parameter qˆ and electric conductivity
agree with the results from quenched lattice simulations. All these imply the validity of
our model in describing pure gluon system.
Furthermore, we observe that in the near Tc region (ǫ − 3p)/T 4, ζ/s and qˆ/T 3 would
get large enhancement and all of those peaks locate at around T = 1.1Tc, which sug-
gests close relations between these quantities. And σel/T increases rapidly in the range of
Tc ∼ 1.5Tc. All these might indicate that the rapid change of the dimensionless combi-
nations of transport coefficients like η/s, ζ/s, qˆ/T 3, σel/T could reveal the information of
phase transition.
Beside these, we see that as a function of T , η/s possess a valley in the near Tc region.
And the location of the local minimal of η/s is also at around T = 1.1Tc, in coincidence
with the location of the peak in qˆ/T 3. Though the relation between qˆ/T 3 and η/s is no
1Since qˆ/T 3 is dimensionless and much larger than 1 and β is of order 0.01, we would expect that the
O(β) correction would not change the result of qˆ/T 3 much and use the results calculated in previous section.
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longer simple as in weakly coupled region, the inverse correlating relation could also be
considered as the strong coupling extension of the conclusion on the strong relation of the
two in weakly coupled regime in [64].
We have seen that for pure gluon system, the transport properties near Tc can reveal
the information of phase transition. In the near future, we will investigate the phase
transitions and transport properties for two flavor system.
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